Abstract-In this paper, the matrix pencil method has been utilized for estimating the natural resonances from different transient responses recorded along multiple look directions as a function of time after the incident field has passed the structure. The novelty of this article is that a single estimate for all the poles are done utilizing multiple transient waveforms emanating from the structure along multiple look directions. The SEM poles are independent of the angle at which the transient response is recorded. The only difference between the various waveforms are that the residues at the various poles are of different magnitudes. Some of the residues may even be zero for some of the poles indicating that the contribution from certain SEM poles may not be significant along that look direction. Here all the waveforms are utilized providing a single estimate for the poles without performing an arithmetic mean of the various waveforms.
Application of the Matrix Pencil Method for Estimating the SEM (Singularity Expansion
Method
I. INTRODUCTION

I
T is well known in the electromagnetics literature that after the incident field had crossed the structure of interest, the time-domain responses can be modeled by a sum of complex exponentials [1] , [2] . In the Laplace domain this is equivalent to modeling the transfer function of the system by the poles along with its residues or in terms of a ratio of two polynomials whose roots provide the poles and zeros of the system. Many methods exist in the published literature to carry out such a parameterization of the source-free transient responses of the system. A partial survey of such techniques is available in [3] , [9] , and [10] . Out of most of the techniques, the matrix pencil method had proved to be quite useful [4] , [5] because of its low sensitivity to background noise and its computational ease and efficiency. Now when the transient responses from the object of interest whose SEM poles need to be found out is looked at from different angles both in azimuth and in elevation, the residues of the poles are angle dependent whereas the SEM poles modeling the time-domain waveforms are not angle dependent. In addition, for each look direction there are two possible polarizations. One could also use both polarizations to increase the number of waveforms available. Conventionally, to estimate the SEM poles from multiple look angle data one takes the average of all the various look directions waveforms and then obtains a single waveform. Then a sum of complex exponentials is used to fit the single waveform and an estimate of the SEM poles is obtained along with the averaged values of the residues. However, this is not a good approach if the signal-to-noise ratios of the different waveforms are different-namely in some of them the transient response dies down quite fast whereas in some of the responses this may continue to ring for a long time. Hence, taking an average of those two classes of waveshapes actually deteriorates the signal-to-noise ratio of the data. This is because by taking an average of the signal along with waveforms where the signal has died down may lead to an unnecessary contamination of the signal by noise. In this paper, the matrix pencil approach is applied to obtain a single estimate for the SEM poles utilizing simultaneously all the transient waveforms from multiple look directions and without averaging them. In Section II, the matrix pencil method is presented for the simultaneous estimation of all the SEM poles from multiple look directions without averaging. In Section III, the computational procedure utilizing the total least squares singular-value decomposition based approach is presented for the estimation of the SEM poles from multiple look directions. This approach has been found to be most robust in obtaining estimates for the poles in the presence of random noise [6]- [8] . Section IV provides some numerical examples utilizing sample simulated data followed by conclusion and a selected set of references where additional materials are available. 
where is the sampling time. Each transient response consists of the same SEM poles , which are to be solved for along their amplitudes for a particular look direction . Please note that is also an unknown along with the SEM poles and their residues. The SEM poles are look direction independent but not their residues . In the sampled domain, (2) can be rewritten as for (3) where (4) It has been further assumed that all the waveforms for different look angles , have been sampled uniformly at the same sampling rate and that each waveform contains the same number of samples . Next we consider two matrices and defined as . . . . . . . . .
. . . . . . . . .
Now, it can be shown that the two matrices and can be decomposed as follows: (7) (8) where . . .
is a diagonal matrix identify matrix (10) and a diagonal matrix containing the SEM pole set . . . (11) with . . . . . . . . .
Now if we consider the matrix pencil (13) then we observe
This matrix pencil becomes linearly dependent when is one of the system poles as then the rank of is reduced by one as . Equation (14) can be transformed into a computationally palatable form by considering the ordinary eigenvalue problem in either of the following forms: 
Now the pseudo-inverse of can be computed from (23) where
It is interesting to observe from (7), (8), (15), and (16) is that the matrix pencil has a solution provided (25) i.e., the multiple look directions must be greater than or equal to the number of poles of the system to be estimated. This can be a serious limitation in many cases as described in [11] as the number of SEM poles can be quite large for many practical systems and it may not be possible to provide as many sensors for each look directions. Hence, this method is extended to the case where one may have . If , we assume that or . To deal with the more general situation we consider the two matrices and . They are defined by (27) and (28), shown at the bottom of the next page. Next, it can be shown that the two matrices and can be factored into (29) and (30) where as shown in (31) 
In addition and are two diagonal matrices, which have been defined by (10) and (11) The various residues can now be computed from the least squares solution of (31) from (41)
III. COMPUTATION OF THE SEM POLES UTILIZING THE TOTAL LEAST SQUARES
In order to deal with noisy data, the formulation of the Section II is made more robust to noise. We now consider the composite matrix as shown in (42), shown on page 616. Please note that is obtained from by eliminating the last row and is obtained from by eliminating the first row. We now perform a singular value decomposition of according to (17) as follows: (43) To combat the effects of noise and to determine the order , we perform a singular value filtering of by retaining its dominant singular values. The details are available in [4] - [8] and are omitted in this paper. Also, it can be seen that the ordinary eigenvalue problem of (44) can be transformed into the following: (45) or (46) where and of (45) are obtained from by eliminating the first and last row, respectively.
Then the poles are obtained from the solution of either one of the following four ordinary eigenvalue problem:
Once the poles are obtained the residues at the poles due to different signals measured at various look directions are obtained from the solution of (40) through the use of (41).
IV. NUMERICAL RESULTS
As an example consider a square plate of dimensions 1 m 1 m (lying in the -plane) irradiated by an electromagnetic pulse which is of 6 m (light-meters) in duration and is oriented along the direction with magnitude 377 V/m. We are observing the current at the center of the plate. The waveforms are sampled every m and the incident pulse dies down after 12 m. The waveshape for the -directed current is observed after 130 time samples so as to ensure that the incident field has passed the metal plate. The next 50 samples are taken to estimate the SEM poles for the plate by observing the transient field arriving from different angles of incidence. It has been observed that only five poles are required as the singular values drop off beyond 10 in evaluating of (42). In the first table we present the SEM poles along with their residues for seven separate incident angles of and . In this case the incident electric field of amplitude 377 V/m is impinging on the plate from and . There are two sets of complex conjugate poles and one growing exponential, which is of small amplitude. However, the growing exponential is nonphysical it is the error due to curve fitting of the data.
Case IIand :
Case IIIand :
Case IVand :
Case Vand : 
Case VIand :
Case VIIand :
As can be seen from the various results, only one set of poles around is stable and the others move around. The various poles are marked in Fig. 1 through the various numericals representing the seven cases described above by roman numerals.
Next, we utilize all the seven data sets to obtain a single estimate for the poles. Again as before five poles are obtained. This single estimate of the poles is markes by " " in Fig. 1 However, the estimates for the residues are different for different look angles.
Case Iand :
Case Vand :
Case VIand :
From the theory presented in this paper where only one set of poles has been estimated using all the waveforms, it appears that there is a possible harmonic relationship between the two decaying exponentials, at least in the imaginary part, and, as expected, the higher frequency is damped more. However, such a relationship is missing when the poles are estimated from each waveshape separately.
V. CONCLUSION
The matrix pencil method is presented for estimating the SEM poles due to different transient responses. The novelty of this approach is that only one set of the SEM poles are estimated from the multiple waveforms. However the residues at the pole sets are different for different waveshapes. It is hoped that such a single estimate for the SEM poles will be more accurate and robust to different orientation of polarizations of the incident fields and due to various effects introduced by noise.
